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On this exercise sheet we want to get familiar with the definition of the adjoint of a method.
We consider the ODE

ẏ = f (y) = f1(y) + f2(y), y(0) = y0 (1)

with exact flow ϕ
f
h .

The exact flow ϕh of a differential equation satisfies ϕh = ϕ−1
−h but this identity

in general does not hold for a numerical method Φh.
The adjoint method Φ∗h of Φh is given by

Φ∗h := Φ−1
−h.

In other words y1 = Φ∗h(y0) is implicitly defined by Φ−h(y1) = y0.
A method Φh is called symmetric if Φ∗h = Φh .
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Exercise 6: (Order of the adjoint method, cf. [Hairer et al., 2001, Chapter II.3])

Let Φh be a method of order p, i.e

Φh(y0) = ϕ
f
h(y0) + C(y0)hp+1 +O

(
hp+2

)
.

a) Show that the adjoint method of the explicit Euler method is the implicit Euler method and vice versa.

b) ♣ Show that the adjoint method Φ∗h is of same order p and that there holds

Φ∗h(y0) = ϕ
f
h(y0) + (−1)pC(y0)hp+1 +O

(
hp+2

)
.

Hint: Consider the local error e∗ = y1 − ϕ
f
h(y0) of Φ∗h and project it back to the local error e of Φ−h. (see

figure).

c) Show that the order p of a symmetric method is even, i.e. p = 2n, n ∈N.

Exercise 7: (Composition with the adjoint method, cf. [Hairer et al., 2001, Chapter II.4])

Let Φh and Φ∗h respectively be a numerical method of order p.

a) ♣ Show that for s > 0 the composite method

Ψh = Φαsh ◦Φ∗βsh ◦ · · · ◦Φ∗β2h ◦Φα1h ◦Φ∗β1h

has order p + 1 if
s

∑
j=1

αj + β j = 1 and
s

∑
j=1

α
p+1
j + (−1)pβ

p+1
j = 0.

Let ϕ
f1
h and ϕ

f2
h be the exact flows of the subproblems of (1). We define the Lie splitting method by

Φh = ϕ
f1
h ◦ ϕ

f2
h .

(b) Why is ϕh = ϕ−1
−h for the exact flow of a differnetial equation? Show that Φ∗h = ϕ

f2
h ◦ ϕ

f1
h .

(c) Show that the Strang splitting method Ψh = ϕ
f1
h/2 ◦ ϕ

f2
h ◦ ϕ

f1
h/2 is of order p = 2.

Hint: Use part a).

(d) Is the Strang splitting method symmetric? Use that (Φ̃h ◦ Ψ̃h)
∗ = Ψ̃∗h ◦ Φ̃∗h (why?).

Discussion in the problem class Thursday 15:45, in room 2.067 in the Kollegiengebäude Mathematik (20.30).

♣ : Please try to do exercises marked with ♣ at home.
Reference: Hairer, Lubich, Wanner: Geometric Numerical Integration, 2nd Edition. Springer, 2006


