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Lecture 2. AN EXPLICIT FORMULA FOR THE SOLUTION OF THE
INITIAL VALUE PROBLEM.



Recall from the first lecture

The initial value problem for the Benjamin—Ono equation

8tu:8X(|DX\ufu2) , u=u(t,x),
u(t,x+2m) = u(t,x) (xeT) or u(t,x) — 0,
D.F(€) =1¢lf(6) . ¢€ZoréeR.

is globally wellposed on the Sobolev space HZ , and satisfies a Lax pair

rea

identity with the following operators on the Hardy space L2,
Ly:=Dx—T,, By=i(Tpju—T7) .
This leads to the conservation laws
(L'Mu,Nu) , k>0,

which control the norms H¥/2 of u.



Another consequence of the Lax pair identity

Theorem (Fokas—Ablowitz (1983),... Wu (2016), PG-Kappeler (2021))

If ue C(R, H? ) solves the Benjamin—-Ono equation, then
dLy )
4 = [Buw» Luw] -

Define the family of unitary operators {U(t)}ier by

Then Lu(t) = U(t)LU(O)U(t)* 5

Proof. Compute the time derivative of U(t)" L, U(t).



Inverse Spectral Theory and explicit formulae

The spectrum of L, is a conservation law of the Benjamin—Ono equation.

— Strategy : solve the initial value problem by inverse spectral theory.

@ On the line. Fokas—Ablowitz (1983),
Coifman—Wickerhauser (1991) v € .(R) and small, ...
@ On the torus. Recent complete resolution by PG-Kappeler—Topalov

(2021) through some nonlinear Fourier Transform. Sharp
wellposedness in H*(T),s > —1/2.



Inverse Spectral Theory and explicit formulae

The spectrum of L, is a conservation law of the Benjamin—Ono equation.

— Strategy : solve the initial value problem by inverse spectral theory.

@ On the line. Fokas—Ablowitz (1983),
Coifman—Wickerhauser (1991) v € .(R) and small, ...

@ On the torus. Recent complete resolution by PG-Kappeler—Topalov
(2021) through some nonlinear Fourier Transform. Sharp
wellposedness in H*(T),s > —1/2.

In this lecture, we shall bypass the inverse spectral step and establish
directly explicit formulae for the solution thanks to commuting properties
of the Lax operators with the structure of the Hardy space.



The explicit formula on the torus

L2 (T) is equipped with the shift operator and its adjoint
S = Teix , S* = Te—/'x

dx

270
and with the inner product (f|g) = / f(x)g(x) oy
0 7T

Theorem (PG, 2022)

The solution u € C(R, H2,(T)) of the Benjamin-Ono equation with
u(0) = ug is given by

u(t) Mu(t) + Nu(t) — (uol1) ,
VzeD, Nu(t,z) = {((Id— zee?™oS*) Muyp|1)




Proof (torus)

Because of the equation 0;u = 0, (|Dy|u — u?), we have
(u(t)|1) = (uo|1), and therefore, since u(t) is real valued,

u(t) = Nu(t) + Nu(t) — (u(t)|1) = Nu(t) + Nu(t) — (uo|1) .

Fourier expansion of Mu(t) :
VzeD, MNu(t,z) Zz Mu(t)|S"1) = ((Id — z§*) " *Mu(t)|1) .

Apply the unitary operator U(t)* to both sides of this inner product,

VzeD, NMu(t,z) = ((Id — zU(t)*S* U(£)) " U(t)* Mu(t)| U(t)"1) .



Proof (torus)

Because of the equation 0;u = 0, (|Dy|u — u?), we have
(u(t)|1) = (uo|1), and therefore, since u(t) is real valued,

u(t) = Nu(t) + Nu(t) — (u(t)|1) = Nu(t) + Nu(t) — (uo|1) .

Fourier expansion of Mu(t) :
VzeD, MNu(t,z) Zz Mu(t)|S"1) = ((Id — z§*) " *Mu(t)|1) .
Apply the unitary operator U(t)* to both sides of this inner product,

VzeD, NMu(t,z) = ((Id — zU(t)*S* U(£)) " U(t)* Mu(t)| U(t)"1) .

We are going to calculate explicitly U(t)*1, U(t)*Mu(t), U(t)*S*U(t)
using U'(t) = B, U(t) and some commutator identities.



Proof (torus), continued

L, +1d)2S* —

[S*, Bu] = i(( S*L7)

Assume this lemma. Then we have

d

SU) S UE) = U(t)*[S*, Bun]U(t) = iU(t)" ((Lugey + 1d)?S™ —
= i(Lu +1d)2U(t)*S*U(t) — iU(t)*S*U(t) L3, .
and U(t)"S*U(t) = et(bo 19 S* 7ty Recall that
L,(1) = —Nu, B,(1) = —il%(1) , so that
UL = U1 Buo(1) = V() Ly (1) = i3, U(1)"1

Uty = e"a(1),
U(t) Nu(t) = —U(t) Lyl = —L,U(t)"1 = e Mg .

* 12
s

t))



Proof (torus), conclusion

Plug the obtained expressions

U(t)1 o™i (1) , Ut )*nu( ) = e Mug |
U(t)*S*U(t) = el t1df gxe=

into the formula
VzeD, Nu(t,z) ={(1d - zU(t)*S*U(t))*lU(t)*I'Iu(t)|U(t)*l) .
We finally infer

VzeD, Nu(t,z) = ((Id — ze™ 2w §*) 1M yo|1) .



Proof of the lemma

L,(1) = -Nu, B,(1) = —il%(1), [S*,B,] = i((L, +1d)?S* — S*L2)

Proof. Commutation identity with Toeplitz operators,

Vb e L(T), [S*, T) = (. |1)S*Mb .

Adjoint Leibniz formula : $*D = DS* + S* . Combining these two

identities,

[S%, Bu]

we infer S*L, = (L, +1d)S* — (. |1)S*Tu and finally

= (5% Tipul = TulS™, Tul = [$7, Tu] Tu)

= i((.11)S*DNu— T,{ . 1S Nu— ((.]1)S* Nu)T,)
(DS NMu — T, Mu+ S*MNu) — (. |T,1)S Mu)
SD(L,S Nu+ S*Mu) + (. |L,1)S Nu)

Ly +Id)( . |1)S* Mu+((. [1)S Nu)Ly)

L, +Id)((Ly +1d)S* — S*L,) + (L, + Id)S™ — S™L,)L,)
i(L, +1d)*S* —S*L2). O
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The explicit formula on the line

The shift operator has to be replaced by the Lax—Beurling semigroup
S() == Tomx , n >0, S(n)f(x) =™ f(x) .

Infinitesimal generator : multiplication by x. We define G = x™, so that

. —~ df
SM) =Toie = e, >0, Gf(&) = id—gloo ;
Dom(G) = {f € L3(R): o400 € H(]O,+00])} .

Define [.(f) := £(0") if fio.5p € H*(]0.d[) for some § > 0.

Theorem (PG, 2022)

The solution u € C(R, H?,(R)) of the Benjamin-Ono equation with

u(0) = g is given by u(t) = Mu(t) + MNu(t) with

Vze Cy , Nu(t,z) = 2i,/+[((; —2tL,, — zId) " Muo] .

17T




Proof (line) : inverse Fourier transform

Start with the inverse Fourier transform for every f € Li(R),

VzeC, , f(z) = 217/0% eZEF(€) de .

Plancherel theorem : we have, in L2,

fe) = tim [ e T a— fim (s

e—0 1+ iex
where . (x) := (1 — iex)~! . Plugging the second formula into the first
one, we infer
1 [ .
_ : - iz€ *
) = limso [ R (s( v de

1 ) )
= lim — 26 (oI f
limox | ¢ (e [xe)d€

1
= lim =—((G — zId)"*f|y.
fim, 37 (6 = ) xe)
1 —1



Proof (line), continued

Since u(t) is real valued, u(t) = Mu(t) 4+ Mu(t).
The previous inverse Fourier transform formula reads

VzeCy, Nu(t,z) = i lim ((G — zId) " 'Mu(t)|(1 — iex)™ 1) .

ITT e—0F

Apply the unitary operator U(t)* to both sides of this inner product,

Yz ey, Nu(t,z) = %((U(t)*GU(t)—zId)_lU(t)*l"lu(t)\U(t)*(l—igx)_l) .



Proof (line), continued

Since u(t) is real valued, u(t) = Mu(t) 4+ Mu(t).
The previous inverse Fourier transform formula reads

VzeCy, Nu(t,z) = i lim ((G — zId) " 'Mu(t)|(1 — iex)™ 1) .

ITT e—0F

Apply the unitary operator U(t)* to both sides of this inner product,
1 .

Vz e Cy, Nu(t,z) = T((U(t)*GU(t)—zId)_lU(t)*l"lu(t)\U(t)*(l—igx)_1> :
0

Again, we are going to calculate explicitly

lim U(t)*(1 — iex)%, U(t)*Mu(t), U(t)* GU(t)

e—0"

using U'(t) = By U(t) and some commutator identity.



Proof(line), continued

[G,B,] = —2L, + i[l2,G] .

Assume this lemma and calculate

d
S U)6u(t) = U)'[G, Byn]U(t)
= U(t)"(—2Lye) + i[Lip), GDU(2)
= 2L, +i[lZ,U(t)"GU(t)] .
Integrating this ODE, we get

2

U(t)*GU(t) — 72tLu0 + ()ith’O GCfitLuO )



Proof(line), continued

Recall — see the first lecture— 0,Mu = iL2(Mu) + B,(Mu) . We infer

d N . ) .
EU(t) Mu(t) = U(t)"(9:Nu(t) — BynyMu(t)) = iU(t) Lﬁ(t)l‘lu(t)
= L%, U(t) Nu(t) ,
from which we conclude U(t)*Mu(t) = o Mug .

Finally, we have

d . “ . %
5t V()X = —U(t)" Buyx= = —iU(t)" (Tipju(e) xe — TooXe)

and the right hand side converges in L2 to
—iU(t)"(DNu(t) — TypNu(t)) = —iU(t)* Ly Nu(t)

2 .2
= —ily, U(t)* Nu(t) = —iLe™oMug = lim il? ey,
e—0 0

i

By integrating in time, we infer U(t)*y. — etLio%E — 0in LZ.



Proof(line), conclusion

Plugging the obtained identities

Ut Nu(t) = e™oluy , U(t)"xe — eioy. — 0,
e—0t
2

U(t)* GU(t) —Dtl,, + o Gethio |

into the formula

VzeCy, Mu(t,2) = ——((U(£)" GU(E) — 21d) 1 U(e) Mu(8)| U(t)"x.) .

2im

we infer
2 2 -1 .- ]2
MNu(t,z) = lim —,((()'”‘“o Ge thw — 2t — zId) e/ Mugle™ oy )

.1 1
= El[)noﬂ<(G—2tLuo —ZId) I_IUO‘XE>
1
= —I[(G—2tLy,, —zId) Ny . O
2im



Proof of the lemma

[G,B.] = —2L, + i[l%,G] .

Proof. For every f € Dom(G), b € H'(R), then T,f € Dom(G) and
[G, Tp]f = 5-1,(f)Mb . Using this identity and [G, D] = ild, we obtain

Vf € Dom(G) NDom(L,) , [G,L,)f =if — —/+(f)|_|u .
We infer, for f € Dom(G) N Dom(L2),
[G, Bu]f - I([G T|D\u]f - Tu[G7 Tu]f - [Ga Tu] Tuf)
- i(iu(f)(Dl'lu ~ TuNu) — il (T, F)Mu)
= (il (F)LuMu + il (Lo F)Mu)
2m

= i(L,(if =[G, L,]f) + iL,f — [G, L,]L,f)
= 2L, f+i[l2,G]f. O



