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Exercise 1

1. Without loss of generality let Cpy, C1 > 0. For € > 0 the function G¢(z) = u(z)Cg_lCl_ze“2
is holomorphic in € and continuous on C. For R > 0 let Qg = CN{z € C : [Imz| <
R}. The Maximum principle implies sup,cq,, |Ge(2)| = sup,esq,, |Ge(2)] and we compute
that for [t| < R, |Gc(it)] < 1, |Ge(1 4 it)] < e, and for x € [0,1], |Gc(z £iR)| <
(sup,cc \u(z)]Cg_lCl_x)ee(xQ_Rz). Since for any e > 0 there exists Ry > 0 such that for
R > Ry, (sup,ec |u(z)|C§71Cfx)eE(fc2_R2) < 1 and since for any z € C there exists R’ > Ry
such that z € Qpr with |Ge(2)| < €€, we arrive at |u(z)| < \CS_ZCfe*GZZ“\ for all z € C,
€ > 0. Letting € — 0 yields the assertion.

2. Let f =0 kXA, 9= D 1oy BiXB,, where ay, 5 € C\ {0}, Ay, B; € A such that Ay
are pairwise disjoint, B; are pairwise disjoint, u(Ag), u(B;) € (0,00), and assume that
I fllee = HgHLq%ql = 1. We are going to show that | [ g(T'f)du| < CA=°CY which then
by duality yields T'f € LY and ||T'f||za < C'é*aCf. To this end we define F' : C — C,
F(z) = [g:(Tf.)dp, where f. = S50, |a|*® &y a,, . = S0 18 Shxp, and

-1 -1
a(z) = £(1 - z) —|— 22, b(2) = 0= —2) 4+ %=z Note fo = f, 99 = g. F
is holomorphic in C and continuous and bounded on C. Moreover, sup;cg |F(it)| < Co,
supser |F'(1 + it)| < Cy, where we used that ||fit|lrro = ||fititlleer = ||fllz» = 1 and
lgitll a0 = llg1qiell o = HgHL% = 1. The Three lines inequality then implies
Lao- L -

q1—1
IF(6)] < cibcy.

Exercise 2

1. (i)=(i): If (xn)nen C K does not contain a subsequence which converges in K, then for
all z € K there exists some €, > 0 such that B, (z) contains only finitely many x,,. Since
K is compact and K C Ugzeg Be, () is an open covering there exists a finite set F' C K
such that K C Ugep B, () which is a contradiction.

2. (ii)=-(iii): Suppose K is not totally bounded, i.e., there exists ¢ > 0 such that for any

m €N, z9,...,2;, € K, K is not contained in U7, B¢(z’;). Therefore if z; € K we can

ey Ty
pick x9 € K\ Be(x1) and x3 € K \ (Bc(z1) U Be(x2)) and successively obtain a sequence
(zn)nen which does not have a convergent subsequence in K which is a contradiction. K
is complete since any Cauchy sequence which contains a convergent subsequence already

converges.

3. (iii)=-(i): Suppose there exists an open covering U of K which does not contain a finite

covering. Let € = 1 and select azgl), ,:US\%) such that K C UfillBel (mgl)). Hence there
exists some a?l(»l) such that B, (xgl)) can not be covered by finitely many U € U. For
en = 2~ (1) we can construct s, such that Ni_yBe; (sj) can not be covered by finitely
many U € U for all n € N. Then (s,)nen is a Cauchy sequence and hence there exists

a limit s9 € K. Write U = (U;);es for some index set I, and choose ig € I such that



so € Uj,. Since Uj, is open, n = inf{d(s, sg) : s € U;, } > 0. If we choose n € N such that
d(sp,s0) < % and 27("~1) < 7, then N%_1Be;(sj) C By(so) C Ui, which is a contradiction.

Exercise 3

1. Let first u(X \ B) = 0. We define F' = {A C X : A Borelset ,Ve > 0 3C C A :
C is closed, u(A\ C) < €}. Then F contains all closed sets and if (A;)jen C F then
N524A45,U52,A; € F. Indeed, if € > 0 and C' C Ay is closed such that p(A4; \ C) < e,
then also p(U52;A; \ C) < ¢ moreover since 0o > pu(U32 Aj) = 372 u(A; \ Uf;llAk),
there exists J € N such that p(U72 ;(4; \ Ui;llAk)) < §, and if Cj C Aj are closed such
that p(A; \ Cj) < 55 for j = 1,...,J — 1, then pu(U72;4; \ Ui;lle) < €. Furthermore,
since open sets are countable unions of closed sets, every open set is contained in F. We
define G ={AC X : A, X\ A€ F}. Then G contains all complements of its elements,
countable unions of its elements and (), X € G. Hence, G is a sigma algebra which contains
all open sets and therefore it contains the Borel sigma algebra. In particular B € G. If
u(X '\ B) > 0 we replace u by v, where v(A) := u(ANB) for Borel sets A. The above steps
imply that for any € > 0 there exists a closed set C' C B such that u(B\C) = v(B\C) < e.

2. For j € Nlet Cj C X be compact such that X = U52,Cj. Since X is locally compact,
for all x € X there exists a neighbourhood U, of x such that U, is compact. Since
C1 C Ugec Uy and C7 is compact, there exist x1,...,x, € C1 such that Chy C U2 U,,.
Then K := U™, U,, is compact and C; C K. Recursively we define K in the following
way: Since K;_1 UCj is compact and K1 UC; C Uzek;_ uc; Uz, there exist z1, ...,z €
Kj_1UC; such that K;_y UC; C U™ U,,, and we set K; := U™, U,,. Then (K;)jen has
the desired properties.



