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Exercise 1

1. For all t € R we have (go f)"((t,00]) = f~1(g1((t,q])) € A.

2. The map b’ : R? = R, (a,b) — a+b is measurable since the preimage of an open set is an
open set, and the map h : X — R?, x> (f(z), g(z)) is measurable since h~!(A; x Ap) =
1 (A1)Ng 1(A) € Afor any Ay, Ay C R measurable. Hence, f+g = h/oh is measurable.

3. For gi(z) = inf,en fn(x) and ga2(2) = sup,ey fn(2) and t € R we have g ' ([—o0,t)) =
Unen{fn < t}, ggl((t, o0]) = Upen{ fn > t} which is measurable. Therefore liminf,,_, fn =
sup, ey infz>y fr and limsup,,_, o fn = inf, ey sup>,, fr are measurable which implies that
limy,— o0 fr is measurable. N

n

4. We set A7 = f~1(27"(k — 1),27"k)) for k = 1,...,n2", n € Ny, and f, = ZZ; 27"k —
1)XAn 4 00 X{f=cc}- Then (fn)nen has the desired properties.

5. We first compute that for f : X — [0,00], A € A and a € R we have [y f + axady =
Jx fdp+ap(A) which yields the claim if f and g are simple functions. If f, g : X — [0, o0
we take simple functions (f,)nen, (gn)nen with the properties from 4. to infer that fX f+
gdp = limy, fX Jn + gndp = limg, o0 fX fndp 4 limy, o0 fX ndp = fX fdu + fX gdp.
Note that we can apply the same argument in the case that f > g > 0 almost everywhere
on X and take the sequences provided by 4. to obtain fX f—gdu= fX fdp — fX gdu. If
f,9: X - RU{+oo} weset E* = {f+g >0}, E- = {f+ g < 0} and noticing that
(f+9)xe+ = (fT+g )xp+ —(f~+97xe+, (f+9)xe- = (f~+97 )xe- — (f T+ )xe-
we compute [ f+gdp = [ (f +g)xprdpn— [ (f +9)xp-du = [x frdu— [x f~du+
Jxgtdu— [y g dp = [ fdu+ [y gdp. If f,g: X — CU {£oo} we consider Re(f + g)
and Im(f + g).

Exercise 2

1. By Holder’s inequality j is well-defined, [(g)ll(zry- < llgllze, and llgll7s = (9)(glg]??) <

17 () I o= quL/qp which implies that j is an isometry, in particular it is injective. If
w e (LP)*, o #0 weset N ={f € LP : p(f) = 0} which is a closed subspace. We take
fi € LP such that ¢(f1) # 0 and set fo = (¢(f1))~'f1 which satisfies p(fy) = 1. Let
g0 = fo — p(fo), where p : L — N is the projection from Lemma 3.22. Then ¢(gg) = 1
and since Re [ (f — p(f0))g0lgo[P~2dp < 0 for all f € N and N is a subspace it follows
that [y fgolgo[P~2dp =0 for all f € N. This together with the fact that f — ¢(f)go € N
for all f € LP implies that [y fgolgol"*dp = [ @ (f)g0g0lg0lP*dp = @(f)llgoll7,» and
hence ¢(f) = j(golgol" 2llgoll ) (F) for all f € LP.

2. j is antilinear and well-defined by Holder’s inequality which also yields ||j(g)[/(z1)- <
llgllLe. For e > 0 we define E. = {g > ||g|r~ — €} and let (X,)nen C A such that
w(Xy) < 00, Xn € Xpg1, X = UpenXpn. Then j(9)(xE.nx,) = (lgllze — €)lIxE.nx, o
which implies [|5(g)||(z1) > [lgl[ze. Therefore j is an isometry and hence injective. Let
¢ € (LY)*. Note that for any A € A, u(A) < oo, and f € LP, 1 < p < oo, we have



fxa € L' since ||fxallr < ”fHLPHXAHLpB by Holder’s inequality, where ya € L7
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since u(A) < oo. Therefore if we define pa(f) = ¢(fxa) then 4 € (LP)* for any
1 < p < oo. By 1. there exists g4, € L#T such that for any f € LP, pa(f) = fX faapdu
for any 1 < p < oo, A € A such that pu(A4) < co. We claim that g4, = ga; for all
p,b € (1,2), A € A such that u(A) < oo. Without loss of generality we assume that
p < p. For f € LP, f € LP we have p(xa(f — f)) = ¢(xaf) — o(xaf) = [x fgapdn —
fX ng7de = fX J9ap — ng7pd,u By Holder’s inequality for any n € N it holds that
f xx, € LP. Thus choosmg f= fx x, and n sufficiently large such that A C X, yields
0= (P(XA(fXXn — f fX XXngA,p gap)dp for any f € LP. Now we choose f =
(Xx.94p — 9A5)XX,- Note that then felbforpe (1,2) by Holder’s inequality. We
obtain 0 = [y xx,|Xx,94,p—94,5|*dp for any n € N sufficiently large, from which it follows
that ga, = g4 almost everywhere for any p,p € (1,2). Thus ga := gap, p € (1,2),
A€ A, u(A) < oo, is well-defined. Next we show that if A, B € A, B C A, then g4 = gp
almost everywhere on B. We have ¢(xaf) = [y fgadu, o(xBf) = [y fgpdu for all
f e LP pe (1,2). Choosing f = xanB(94a — gp) (which is in LP for p € (1,2)) we
obtain 0 = [y xanBlga — gp|*dp which yields ga = gp almost everywhere on AN B = B.
Therefore if we define g( ) = gx, (z) if x € X,, for almost every x € X, then g is well-
defined and satisfies ¢(xa) fA gd,u for all A € A, u(A) < oco. By the linearity of the
integral and ¢ we also obtain ¢(f) = [ + Jgdp for all simple functions f = Yot aixa,
such that pu(A;) < co. We claim that g € L. Assume otherwise, then for every n € N,

w({lgl >n}) >0. Let Ae A, 0< p(A) < oo (which exists since X is o finite), and set
fn = Xan{ig>ny € L. Then [|g| w)-Ifullor = ¢(fa) = [x fagdp = nu(AN{|g| > n}) and
since || fn|l ;1 = u(AN{|g| > n}) this is a contradiction to ¢ € (L)*. Next let f € L' and
let (fn)nen, (9n)nen be sequences of simple functions for f*, f~ as in Exercise 1, 4. We
know that for all n € N, ¢(f,,) = fX fngdp, ©(gn) = fX gngdp, and since @ is continuous
we have ¢(f,) — ¢( f+) ©(gn) — ©(f~). Moreover, almost everywhere on X we have
|fngl < fHlgllne, [gng| < f*HgHLoo so we can apply the dominated convergence theorem

to deduce (f+) = fX frodu, o(f7) = fX f~gdu and hence ¢(f) = fX fadp.




