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Exercise 1

Define T : l1(N) → (c0)
∗, Ty(x) =

∑∞
j=1 xjyj . By Hölder’s inequality we have ∥Ty∥(c0)∗ ≤ ∥y∥l1

for all y ∈ l1(N). Moreover, we define S : (c0)
∗ → l1(N), Sφ = (φ(ej))j∈N, where (ej)k = δjk.

Note that S is well-defined since for all x ∈ c0,
∑∞

j=1 xjφ(ej) = limJ→∞ φ(
∑J

j=1 xjej) = φ(x),
from which we deduce that

∑∞
j=1 xjφ(ej) converges. The Banach-Steinhaus theorem yields Sφ ∈

l1(N) with ∥Sφ∥l1 ≤ supn∈N supx∈c0,∥x∥l∞≤1 |
∑n

j=1 xjφ(ej)| ≤ ∥φ∥(c0)∗ . Note that ST = Idl1(N),
TS = Id(c0)∗ , which implies that T is a linear isomorphism. The inequalities ∥Ty∥(c0)∗ ≤ ∥y∥l1
and ∥Sφ∥l1 ≤ ∥φ∥(c0)∗ for all y ∈ l1(N), φ ∈ (c0)

∗ imply that T is an isometry.

Exercise 2

1. ”⇒” The boundedness is clear. If for n ∈ N, en denotes the sequence defined by (en)j = δjn

(j ∈ N), then x
(k)
n =

∑∞
j=1(en)jx

(k)
j →

∑∞
j=1(en)jxj = xn as k → ∞ for all n ∈ N.

”⇐” Let y ∈ l
p

p−1 (N), ϵ > 0. There exist J0, k0 ∈ N such that (
∑∞

j=J0+1 |yj |
p

p−1 )
p−1
p < ϵ,

and |x(k)j −xj | < ϵ
J0+1 for all j = 1, ..., J0, k ≥ k0. Then we have for k ≥ k0, |

∑∞
j=1 x

(k)
j yj−∑∞

j=1 xjyj | ≤ (supj=1,...,J0 |yj |)
∑J0

j=1 |x
(k)
j − xj | + ∥x(k) − x∥lp(

∑∞
j=J0+1 |yj |

p
p−1 )

p−1
p ≤ Cϵ

for some constant C > 0 independent of ϵ and k.

2. The implication from right to left is clear. Let (x(k))k∈N ⊂ l1(N), x ∈ l1(N) such that

x(k) ⇀ x in l1(N) as k → ∞, and assume there exists ϵ > 0 such that lim supk→∞
∑∞

j=1 |x
(k)
j −

xj | > ϵ. Let k1 ∈ N be minimal such that
∑∞

j=1 |x
(k1)
j − xj | > ϵ, J1 ∈ N minimal such

that
∑J1

j=1 |x
(k1)
j − xj | > ϵ

2 and
∑∞

j=J1+1 |x
(k1)
j − xj | < ϵ

5 . For n ∈ N, n ≥ 2, let kn ∈ N,
kn ≥ kn−1, be minimal such that

∑∞
j=1 |x

(kn)
j − xj | > ϵ and

∑Jn−1

j=1 |x(kn)j − xj | < ϵ
5 ,

and let Jn ∈ N, Jn ≥ Jn−1, be minimal such that
∑Jn

j=Jn−1+1 |x
(kn)
j − xj | > ϵ

2 and∑∞
j=Jn+1 |x

(kn)
j − xj | < ϵ

5 . For j ∈ N, let cj = sgn(x
(k1)
j − xj), if 1 ≤ j ≤ J1, cj =

sgn(x
(kn+1)
j − xj), if Jn < j ≤ Jn+1, for n ∈ N. Then (cj)j∈N ∈ l∞ and for all n ∈ N,

|
∑∞

j=1 cj(x
(kn)
j −xj)| ≥

∑Jn
j=Jn−1+1 |x

(kn)
j −xj |−

∑Jn−1

j=1 |x(kn)j −xj |−
∑∞

j=Jn+1 |x
(kn)
j −xj | ≥

ϵ
10 , which is a contradiction.

Exercise 3

1. Let x, y ∈ X, α > 0. We have pC(αx) = inf{αλ > 0 : 1
λx ∈ C} = αpC(x). Note that

the equality also holds if pC(x) = ∞ or pC(αx) = ∞. If pC(x) = ∞ or pC(y) = ∞, then
pC(x + y) ≤ pC(x) + pC(y) is clear. Let pC(x) < ∞ and pC(y) < ∞. If λx, λy > 0 such

that 1
λx
x, 1

λy
y ∈ C, then x+y

λx+λy
= ( λx

λx+λy
) 1
λx
x+(

λy

λx+λy
) 1
λy
y ∈ C. Taking the infimum over

λx and λy yields pC(x+ y) ≤ pC(x) + pC(y).

2. Since for all x ∈ X there exists λ > 0 such that 1
λx ∈ C, we have {λ > 0 : 1

λx ∈ C} ≠ ∅,
and thus pC(x) < ∞.
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3. For x ∈ X we can write pB1(0)(x) = inf{λ > 0 : ∥x∥
λ = 1} = ∥x∥.

Exercise 4

It suffices to show the claim for K = R. For x0 ∈ C let U = C − x0 = {y − x0 : y ∈ C}. Then
U is convex, open and 0 ∈ U . We set y0 = −x0, Y = span{y0}, and define l(ty0) = tpU (y0) for
t ∈ R. Then l ≤ pU on Y , and by Hahn-Banach there exists x∗ ∈ X∗ such that x∗|Y = l and
x∗ ≤ pU on X. Note that x∗(y0) = l(y0) = pU (y0) ≥ 1 and x∗(x+ y0) ≤ pU (x+ y0) < 1 for all
x ∈ C. This implies x∗(x) = x∗(x+ y0)− x∗(y0) < 0 for all x ∈ C.

Exercise 5

Let p ∈ (1, 2) and recall Hanner’s inequality ∥f + g∥pLp + ∥f − g∥pLp ≥ (∥f∥Lp + ∥g∥Lp)p +
|∥f∥Lp − ∥g∥Lp |p for f, g ∈ Lp(U). By the definition of ∥ · ∥Wk,p(U), it suffices to prove the

claim for Lp(U). Let f, g ∈ Lp(U). For (u, v) ∈ [0,∞)2 define ξ(u, v) = (u + v)p + |u − v|p.
Then ξ is symmetric and ξ(u, ·) and ξ(·, v) are strictly increasing for all u, v ∈ [0,∞). We can
write the above Hanner’s inequality as ∥f + g∥pLp + ∥f − g∥pLp ≥ ξ(∥f∥Lp , ∥g∥Lp). Let ϵ ∈ (0, 2).
Let ∥f∥Lp , ∥g∥Lp ≤ 1 with ∥f − g∥Lp ≥ ϵ, and set h1 = 1

2(f + g), h2 = 1
2(f − g). Then

2 ≥ ξ(∥h1∥Lp , ∥h2∥Lp) ≥ ξ(∥h1∥Lp , ϵ
2). Due to ξ(1, ϵ

2) > 2, ξ(0, ϵ
2) < 2, there exists a unique

δ > 0 such that ξ(1 − δ, ϵ
2) = 2. It follows that ∥h1∥Lp ≤ 1 − δ, which implies δ(ϵ) ≥ δ. Let

2 ≤ p < ∞, f, g ∈ Lp(U), ∥f∥Lp , ∥g∥Lp ≤ 1 with ∥f − g∥Lp ≥ ϵ. In the proof of Hanner’s
inequality we have seen that α(r)∥f∥pLp + β(r)∥g∥pLp ≥ ∥f + g∥pLp + ∥f − g∥pLp , for r ∈ [0, 1],
where α(r) = (1+ r)p−1 +(1− r)p−1, β(r) = ((1+ r)p−1 − (1− r)p−1)r1−p. For r = 1 we obtain

∥f + g∥pLp + ∥f − g∥pLp ≤ 2p−1(∥f∥pLp + ∥g∥pLp), and thus ∥h1∥pLp + ∥h2∥pLp ≤ ∥f∥p
Lp

2 + ∥g∥Lp

2 ≤ 2,
so that we arrive at 1− ∥1

2(f + g)∥pLp ≥ ( ϵ2)
p. It follows that for some c > 0, 1− 1

2∥f + g∥Lp ≥
c−1(1− ∥1

2(f + g)∥pLp)1/p ≥ c−1 ϵ
2 .
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