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Exercise 1

Define T : I1(N) — (co)*, Ty(x) = > 521 25y;. By Holder’s inequality we have [Ty (¢,)« < [lylln
for all y € I1(N). Moreover, we define S : (cg)* — I1(N), S¢ = (¢(e;))jen, where (&) = .
Note that S is well-defined since for all x € cp, D372 7j9(e;) = im0 cp(ijl zje;) = p(x),
from which we deduce that 372, ;¢(e;) converges. The Banach-Steinhaus theorem yields Sp €
IH(N) with [[Seplln < suPpen SUPsecy, o]0 <1 | 2251 259(€5)] < [|¢ll(co)+- Note that ST = Idp ),
T'S = Id(cy)+, which implies that T is a linear isomorphism. The inequalities ||7y||(c,)+ < [[yll;2
and [l < [|¢ll(e)+ for all y € IN(N), ¢ € (co)* imply that T is an isometry.

Exercise 2

1. ?=" The boundedness is clear. If for n € N, e,, denotes the sequence defined by (e,,); = d;jn
(7 € N), then 2P = prd (en)]x( — > iy (en)jzj =2y as k — oo for all n € N.

_p_ = p=1
"<=" Let y € [»"1(N), e > 0. There exist Jo, ko € N such that (3272 ; ]y]|l> ) <eg,
and |2 — ;| < 25 forall j = 1,..., Jo, k > ko. Then we have for k > ko, IZ My, —

—1
doie1iys| < (supj—y, . g, ‘yj’)Zj:I ‘xj -z + [|la®) — i (3252 7041 |yy|p )r <Ce
for some constant C' > 0 independent of € and k.

2. The implication from right to left is clear. Let (z®)reny C 11(N), 2 € I'(N) such that

x®) — 2in I'(N) as k — oo, and assume there exists € > 0 such that lim supj,_, > e |x§k)

(k1)

xj| > €. Let k1 € N be minimal such that Z] 1|z — x| > €, Ji € N minimal such

thatz ]x(kl)—:nj\> and » 22 JIH\:B )—x]|< For n € N, n > 2, let k, € N,
kn > kn—1, be minimal such that >2°%, ]x( " _ xj| > € and ZJ" ! ]x(k") -z < &,

2
P |xj )—x]| < £. For j € N, let ¢; = sgn( §k1) —xj), ifl1<j<J,c¢ =
sgn(:z:gk"“) - CL‘j>, if J, < j < Jng1, for n € N. Then (¢j)jen € I*° and for all n € N,

En En kn
|5 ™ —a)l 2 S ol g =S s = 305 g ] 2
which is a contradiction.

and let J, € N, J, > J,_1, be minimal such that ZJ" 41 ]acjk") —xj| > § and

10’

Exercise 3

1. Let z,y € X, a > 0. We have pc(az) = inf{aX > 0: 2 € C} = apc(z). Note that
the equality also holds if po(z) = oo or po(ax) = co. If po(x) = 0o or po(y) = oo, then
pe(z +y) < pe(x) + pe(y) is clear. Let po(r) < oo and po(y) < oo. If Az, Ay > 0 such

" A . .
that )\1 x, /\ y € C, then /\mfj\ = (/\x’:f/\y)/\—lxa;—i-(ﬁ)/\iyy € C. Taking the infimum over
Az and Ay ylelds po(z+y) < pc(a?) + pc(y).

2. Since for all z € X there exists A > 0 such that %x € C, we have {A > 0: %:L’ eC}t#0,
and thus po(x) < oco.



3. For z € X we can write pg, (o)(7) = inf{A > 0: Tl =1} =||z|.

Exercise 4

It suffices to show the claim for K =R. For g € C'let U =C — 29 = {y — 29 : y € C}. Then
U is convex, open and 0 € U. We set yo = —x9, Y = span{yp}, and define [(tyg) = tpy(yo) for
t € R. Then I < py on Y, and by Hahn-Banach there exists * € X* such that z*|y = [ and
x* < py on X. Note that *(yo) = l(yo) = pu(yo) > 1 and z*(z + yo) < py(z + yo) < 1 for all
x € C. This implies z*(z) = 2*(z + o) — 2*(yo) < 0 for all z € C.

Exercise 5

Let p € (1,2) and recall Hanner’s inequality [|f + g7, + [|f — gll% = (Ifllze + llgllze)? +
flle = Nlglizel? for f,g € LP(U). By the definition of || - [[yyr.r, it suffices to prove the
claim for LP(U). Let f,g € LP(U). For (u,v) € [0,00)? define &(u,v) = (u + v)P + |u — v|P.
Then ¢ is symmetric and {(u, ) and £(-,v) are strictly increasing for all u,v € [0,00). We can
write the above Hanner’s inequality as || f + g7, + |f — gll7, = £ f|ler, llgllze). Let € € (0,2).
Let ||f|lze, llgllze < 1 with ||f — gllzr > €, and set by = 3(f + g), ho = 3(f — g). Then
2 > &(|lhallze, [[hellze) > &E(||Rallze, §). Due to £(1,5) > 2, §(0,§) < 2, there exists a unique
d > 0 such that {(1 — 4, §5) = 2. It follows that |h1]|zr < 1 — 0, which implies d(¢) > §. Let
2<p<oo, f,ge LPU), [|fllze, llgllzr < 1 with ||f — g||lz» > €. In the proof of Hanner’s
inequlity we ave seen that ()7, + 0ol > 17+l + 5 = gl for v € [0.1]
where a(r) = (1+7r)P~ 4 (1 —r)P~ Y B( Y= ((1+7)P~t —(1—7)P~1)rl=P For r= 1 we obtain
1 + 9l + 117 = 9llt < 27 HUF17, + lall). and thus b7, + [hallf, < Py 4 o <o
so that we arrive at 1 — [|5(f + g)HLp > (5)P. It follows that for some ¢ >0, 1 — L[| f + g[/r» >
A1~ I3+ )P e




