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Exercise 1

Prove or disprove whether the following maps define elements T ∈ D′(U):

1. U = (0, 1), Tφ =
∑∞

n=2 φ
(n)( 1n),

2. U = R, Tφ =
∑∞

n=1 φ
(n)( 1n),

where φ ∈ D(U).

Exercise 2

Let U ⊂ Rd be open. Suppose that Tn → T in D′(U) and that K ⊂ U is compact. Show that
there exist k ∈ N and C > 0 so that

sup
n∈N

|Tn(φ)| ≤ C∥φ∥Ck
b (U),

for all φ ∈ XK , and

sup{|Tn(φ)− T (φ)| : φ ∈ XK , ∥φ∥Ck
b
≤ 1} → 0

as n → ∞.

Exercise 3

1. Show that δ0 ∈ E ′(Rd) with supp δ0 = {0}.

2. Show that δ0 ∗ T = T for all T ∈ D′(Rd).

3. Let ηr be as in Exercise 2 on Exercise Sheet 9. Show that ηr → δ0 as r → 0+ in the sense
of distributions. Conclude that ηr ∗ T → T as r → 0+ in the sense of distributions for all
T ∈ D′(Rd).

Exercise 4

Let ηr be as in Exercise 2 on Exercise Sheet 9.

1. Show that ηr ∗ f → f in Cb(Rd) as r → 0+ for all f ∈ Cc(Rd), but not for all f ∈ Cb(Rd).
In particular, we do not have ηr ∗ f → f as r → 0+ in L∞(Rd) for all f ∈ L∞(Rd).

2. Let U ⊂ Rd be an open set and k ∈ N. Show that for any f ∈ Ck
c (U) there exists a

compact set K ⊂ U and ϵ > 0 such that supp (ηr ∗ f) ⊂ K for all 0 < r ≤ ϵ, and
ηr ∗ f → f in Ck

b (U) as r → 0+.

Exercise 5

Let U ⊂ Rd be an open connected set, let T ∈ D′(U) and suppose that ∂jT = 0 for all
j = 1, ..., d. Show that there exists a constant c ∈ R such that T = Tc.
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