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Problem 16:
Determine all bifurcation points (0, A\g) € R? x R of the nonlinear system

(1) sin(z1 + A\xg) = 21,
COS()\.Tl + 172) =1+ xIq.

Solution to problem 16:
Claim: (0, A\g) is a bifurcation point of problem if and only if Ag = 0.

Proof: Solving problem is equivalent to finding zeros of the function

s ) o sin(z + Az2) — 21
F:R* xR R F(zy,22,A) = (cos()\m—!-m)—l—l“l '

Then F(0,0,\) =0 for all A € R, and F' is twice continuously differentiable with

- cos(z1 + Az2) — 1 Acos(z1 + Ax2)
Fr(w1,22,A) = (—)\ sin(Az1 +x2) — 1 —sin(Az1 + z2) J’

—zgsin(z1 + Ax2) cos(z1 + Awz) — Aza sin(z1 + Az2)
F.A(xl xr2 )\) =
z i —sin(Az1 + x2) — Az cos(Az1 + 2) —x1 cos(Az1 + x2)
for x1,x2, A € R, and in particular, for Ay € R,

0 A 0 1
Fm(ovoa)‘O) = <_1 0())’ Fm)\(oaoa )‘0) = <0 O>

If Ag # 0, we have that det F,.(0,0, A\g) = Ag # 0; hence F,.(0,0, o) (interpreted as a linear mapping from
R? to R?) is a homeomorphism. Proposition 3.9 then states that (0, \g) cannot be a bifurcation point for

problem .

Now let A\g = 0 and apply the Crandall-Rabinowitz Bifurcation Theorem: We have

ker F,(0,0,0) = span { (‘f) } ran F,(0,0,0) = span { (‘f) }

?) , we have

Fa0.0.00 = (3 o) (7) = (5) #ran F2(0.0,0),

which shows that the transversality condition (T) is also satisfied. Theorem 4.3 now states that (0,0, 0)
is a bifurcation point. O

and thus, the simplicity condition (S) holds. Moreover, with ¢ = (
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Problem 17:
Let A € R™™*"™ be symmetric, and J € R™*". For x € R™ and X € R, we study the equation

(2) Az = Mz + |z[* Tz,

Discuss the existence of nontrivial solutions in a neighborhood of (0, \g) € R™ x R if ...

(a) Ao is not an eigenvalue of A,

(b) Ao is a simple eigenvalue of A.

Solution to problem 17:
Solving problem is equivalent to finding zeros of the function

F:R"xR—=R", F(z,\) = Ar — v — |z|*Jz.
We note that F'(0,A) =0 for all A € R, and that F' is twice continuously differentiable with
Fo(z,\)[h] = Ah — Mh — |22 Jh — 2(z|h)Jz, Fuox(z, N)[h] = —h
for xz, h, A € R; moreover, for \g € R,
F.(0,\)[h] = (A= AI)h, Fa(0,N)[h] = —h.

(a) Let A\g be not an eigenvalue of A. Claim: There are no nontrivial solutions of problem in a
neighborhood of (0, Ag).

Proof: This is a consequence of Proposition 3.9, as F,.(0, \o) = A— Aol: R® — R" is invertible. [

(b) Let Ag be a simple eigenvalue of A. Claim: Nontrivial solutions of problem form a continuous
branch bifurcating from (0, Ao).
Proof: We check the assumptions of the Crandall-Rabinowitz Bifurcation Theorem. Since A is
assumed symmetric, there exist eigenpairs (¢, ;) € R" x R with Ay; = pjv); and {¢1,..., ¥}
being a complete orthonormal subset of R™.

Without loss of generality, 111 = Ao and by assumption (simple eigenvalue), we have p; # Ao for
j > 1. Thus,

ker F,(0, \g) = ker(A — Aol) = span{yn },
ran F,. (0, A\o) = ran(A — \gI) = span{ts, ..., ¥ }

and we infer dimker F;,(0, A\g) = codim ran F;(0, \g) = 1, so (S) holds. Moreover,
Fox(0, A)[n] = —¢1 & ran F5 (0, Ao),

and (T) is satisfied. Theorem 4.3 ensures the existence of a unique continuous branch of nontrivial
solutions of problem (2)) bifurcating from (0, o). O
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Problem 18:
Let g € C?(R x R x R;R), (2,2, \) = g(z, 2z, \) be 2r-periodic in = with

g(2,0,A\) =0, ¢.(z,0,A) =0, ¢g.(z,0,A)=0 forallzeR IeR,
In order to find nontrivial 2r-periodic solutions u € C%(R) of the ODE
(3) —u" = u+g(-,u,\) on R
in a neighborhood of (ug, Ag) = (0,0), proceed as follows:

(a) Let F: C2.(R) x R = Cper(R), F(u, ) == u" + Au+ g(-,u, \) where

per

CF L (R) = {ue C*(R): u(z) = u(x + 27) for all x € R} for k € Np.

per

Show that F' is twice continuously Fréchet differentiable and calculate F’ and F”.
(b) Show that ker(F,(0,0)) = span{1}; ran(F,(0,0)) = {z € Cher(R): 027T z(t)dt = O}.

(c) Prove that there exist § > 0 and a continuous branch (—4§,8) — CZ.(R) xR, s~ (a(s), A(s)) with
the property that

{(a(s),X(s)): 0<|s| < 5}
collects all nontrivial 27-periodic solutions of problem in a neighborhood of (0, 0).

Solution to problem 18:
(a) First let k € Np. Recall that CF(z) consists of functions f € C*(R) such that

1l gy = sup{[F@L 1 @), [P @) 2 € R} < o0,

Since 7: CF(R) — CF(R), f — f(- — 27) defines an isometric isomorphism, we see that C%, (R) =

per

ker(I —7) is a closed subspace of C{f(R), and thus is a Banach space. We denote Cper(R) = Cger (R).
Claim: F is twice continuously differentiable and
F'(uy N)[(ha, ha)] = Rl 4 how + My + g2 (- uy Ny + gx (-, u, Ay,
' (uy M) [(Baas ha)s (s m3)] = P + abu + hatiugzz (- u, A) + (Maha + Banu)gza (- u, A) + amagan (- u, A).

Proof: We write F' = G + H with

G: C2 . (R) x R = Cper(R), G(u, \) = g( -, u, \),

per
H: C2(R) x R = Cper(R), H(u, ) = u” + Au.
Using the product rule we see that H is infinitely differentiable with
H' (uy N)[(hu, ha)] = Bl 4+ hau + Ahy,
H" (u, N)[(Bsy Bx)s (s 12)] = hanu + 0aha,
H" =o,...

In particular, H is twice continuously differentiable.

Next, we show that G is twice continuously differentiable and that

Gl(uv A)[(huv hA)] = hugz( ©y Uy )‘) + h)\g)\( ©y U, )‘)7
G"(u, )‘)[(hm h>\), (nua UA)] = hunug.ZZ( U, >‘) + (nkhu + hAU?L)ng( ©y U, )‘) + hAnAgAA( ©y Uy /\)~

To do this, we proceed similar to Problem 7. Let (u, A), (hu; ha), (1u; 10), (Pus p2) € Coer(R) X R.
We choose

K :=[0,27] x [infu — 1,supu + 1] x [\ = 1,A + 1] C R3,

https://www.math kit.edu/iana2/edu/bifurcation2022w2022w /en page 3 /5


https://www.math.kit.edu/iana2/edu/bifurcation2022w2022w/en

which is compact, so that g,g.,gx,... are uniformly continuous on K. Thus there exists an
increasing function ¢: (0,00) — [0,00] with lim, o p(r) = 0 so that fg(amu, A) —g(:’v’,ﬂ,)\)} <
o(lz — 2|+ |2 — 2|+ |A = A]) for (z,2,A), (& 2,A) € K; and the same estimate holds for derivatives
of g.

We then calculate for ||hy ||, [ha| < 1:

HG(U + hua)‘ + hA) - G(’ua)‘> - hqu( : ,u,)\) - h/\g)\( ty U, )‘)”oo

1
< /O 1Pull o P (Il + [E1AAD + [Ral (][l ull + [2]IRA]) dE
< (Ihulloe + 1D Pull o + 1BAD) = o([[hullo + [Ral)

as (hy, hy) = 0. So G is Fréchet-differentiable and the derivative is as stated.

1
/ hu[gz( LU+ thy, A+ thA) — gz( ©L, U, )\)] + h)\[g)\( ) +thu, A +th)\) — g)\( ',U,A)] dtH
0

oo

Next we confirm the formula for the second derivative. We calculate for ||n, ||, || < 1:
I= G/(u + Nusy A+ 77/\)[(7%7 hk)] - G/(uv )‘)[(huv hk)}
- hunugzz( U, >\) - (77)\hu + h)xnu)gz)\( U, >‘) - h)\n)\g)\)\( U, A)

1
= / P (Mulgez (w4 tnu, X+ t03) — g2 (- u, A)] 4+ 0agaa (-, w4 e, A+ tna) — gaa (-, u, A)]) de
0

1
+/ Pa(Mulgr=( w+ tu, A+ t93) — gxa (-, u, )] 4+ mafgan (- w + e, A+ ) — gaa( -, u, A)]) de
0

and thus get

oo < (1halloe + RN UInulloo + ImaDeUinullee + 12]) = (1hullo + 1hal) - oIl + 121)

as (N, nn) — 0. So G is twice Fréchet-differentiable and the derivative is as stated. For continuity
of the second derivative, we calculate for ||py|,. . [px| < 1:

HGN(U‘Fpua)“FPA)[(huahA) (D> )] — G”( My Bx)y (1, )]l
< (Thulloe + 1hADUnulloe + ImaDe(llpull o + lo1)
= (Ihullo + [RAD Il + Imal) - 0(1)

as (pu,pr) — 0. This shows that G is twice continuously Fréchet-differentiable.

The claim now follows from F' = G 4+ H and linearity of the derivative operator. O
(b) Claim: ker(Fy(0,0)) = span{1}.
Proof: From part (a) we know that
Fu(0,0)[] = F/(0,0)[(h,0)] = "
for h € C2,.(R). For such h, the following are equivalent:

h €ker F,(0,0) <= h'=0 <= Jo,BeR:h(z)=ar+pforzeR
<— JpeR:h(z)=pFforxeR <= hcspan{l}

where, in passing from the first to the second line, we exploited that A is periodic. O
Claim: ran(F,(0,0)) = {z € Cher(R): 027r z(z)de = 0}.

Proof: Assume z € ran (F,(0,0)). Then, there exists w € C?

er(R) with z = F,(0,0)[w] = w” on R.
This yields, however,

/027T #() de = /027T w” (z) de = w'(27) — w'(0) = 0
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since w is periodic.

Conversely, assume that z € Cpe(R) with fOQW z(z) dz = 0. We try to find w € CZ(R) with
z = F,(0,0)[w] = w” on R. Integration suggests the ansatz

€y
- dtdy,  h
w(x) 04—1—,6’334—/0 /0 z(t) dtdy ence
/ _ d
w' () B—i-/o z(t) dt

with constants a = w(0) and 5 = w’(0). By assumption on z, we have for x € R
27
w'(z+27) —w'(z) = / z(z) dx =0,
0

i.e. w’ has the asserted periodicity. Moreover, choosing 3 = —5- fo% foy z(t) dtdy, we also have,
using that w’ is 27-periodic,

r+2m

27
w(z +27) —w(x) = / w'(t) dt = /0 w'(t) dt

xT

=w(2r) —w(0) =278 —I—/O i /Oy z(t) dtdy =0

and hence w € C2,.(R) with z = F,(0,0)[w]. O

per

Proof: Finally, we intend to apply the Crandall-Rabinowitz Bifurcation Theorem.
From part (b) we defer that F,(0,0): C2..(R) = Cper(R) is a (1,1)-Fredholm operator, meaning

per
the simplicity assumption (S) from the lecture is satisfied. It remains to check the transversality

condition

(T) FuA(O7 O)[¢] ¢ ran<Fw (07 0))

where ¢ = 1. We calculate

Fuk(oa O)[(b] = FH(O7 O)[(]]-v O)v (07 1)] =1,

and using (b) find F,x(0,0)[¢] € ran(Fy(0,0)).
An application of Theorem 4.3 then closes the proof. O
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