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For x, y ∈ Cn we write x · y =
∑n

k=1 xkyk and ⟨x, y⟩ = x · y =
∑n

k=1 xkyk.

We recall assumptions (H1)–(H4):
(H1) “Regularity”: f ∈ C2(R × Rn,Rn) with f(λ, 0) = 0 for all λ ∈ R.

(H2) “Simplicity”: There are ϕ, ψ ∈ Cn with ⟨ψ, ϕ⟩ = 1 and β > 0 such that

ker(fx(λ0, 0) − iβ) = span{ϕ}, ker(fx(λ0, 0)⊤ + iβ) = span{ψ}.

(H3) “Nonresonance”: For all k ∈ Z such that |k| ≠ 1 we have ker(fx(λ0, 0) − ikβ) = {0}.

(H4) “Transversality”: Re(⟨fxλ(λ0, 0)ϕ, ψ⟩) ̸= 0.

Problem 27 (Hopf bifurcation is incompatible with energy method):
Consider the pendulum equation

θ′′(t) + λ sin(θ(t)) = 0(1)

as discussed in Chapter 2. Write (1) as a first order problem

x′(t) = f(λ, x(t))(2)

for x = (θ, θ′) and show that assumptions (H1)–(H4) are not satisfied for any λ0 ∈ R.

Problem 28 (On simplicity(H2)):
Let ϕ, ψ be as in (H2). Show that ψ · ϕ = 0.

Problem 29:
Prove Proposition 7.1:

Let ξ ∈ Cn, k ∈ Z, t ∈ R. Further let ϕ, ψ be as in (H2) and write A := fx(λ0, 0). Then

yk(t) := − 1
β

∫ t

0
exp

(
t− τ

β
A

)
ξ eikτ dτ

has the following closed form representation:
(i) yk(t) =

(
eiktI − e

t
β A

)
(A− ikβ)−1ξ if |k| ≠ 1,

(ii) y1(t) =
(

eitI − e
t
β A

)
w − t

β eit⟨ψ, ξ⟩ϕ

where w ∈ Cn satisfies (A− iβ)w = ξ − ⟨ψ, ξ⟩ϕ.
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