Universität Karlsruhe

Institut für Analysis

Prof. Dr. Michael Plum Dipl.-phys. Vu Hoang

Boundary and Eigenvalue Problems

3rd Exercise Sheet

7) a) Let L[u] = (−Δ)^ku = (−Δ) ∘ · · · ∘ (−Δ)

k−times

u. Show that L is uniformly strongly

elliptic.

b) Show that

L[u] = div ( ∇u √ 1 + |∇u|^2 )

is a quasilinear elliptic differential operator.

8) Let Ω = (0, 1) × (0, 1) ⊂ R^2 and consider the boundary value problem (1) { u_{xy} = 0 in Ω u = u_0 on ∂Ω

for u ∈ C^2(Ω) ∩ C(Ω̄) and given u_0 ∈ C(∂Ω). Prove that the relation

u(0, 0) + u(1, 1) = u(1, 0) + u(0, 1)

holds for any solution of (1) and conclude that there exists a u_0 ∈ C(∂Ω) such that (1) has no solution. Is the operator L[u] = u_{xy} elliptic?

9) Let Ω ⊂ R^n be an open, bounded set with Lipschitz-boundary. Verify for u, v ∈ C^1(Ω̄) ∩ C^2(Ω) the (generalized) Green’s identities a) ∫ Ω L[u]vdx = − ∫ ∂Ω ∂u ∂μ vdσ + ∫ Ω (∇u)^T A∇vdx b) ∫ Ω (L[u]v − uL[v])dx = ∫ ∂Ω ( ∂v ∂μ u − v ∂u ∂μ ) dx

where L[u] = −^m ∑ i,j=1 ∂ ∂x_i ( a_{ij}^{∂u}_{∂xj} ) (a_{ij} ∈ C^1(Ω̄), A(x) = (a_{ij} (x)) symmetric matrix).