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29) A function u € HZ() is called a weak solution of
A%y = on €
CO S

u:g—Z:O on 0f

/AuAvdx:/fvdx
Q Q

for all v € HZ(Q). Prove that (x) admits a unique weak solution for any f € L?*(€).

provided that

Hint: Use without proof that

A
inf { | Avulls cu € H(Q), u# O} > 0.
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30) Let 2 C R™ be a bounded Lipschitz domain. Give a weak formulation of

() {—Au:f on 0

%:O on 0f)

and prove that a weak solution exists if and only if fQ fdx = 0 holds.

Hint: To prove existence, consider the usual bilinear form B on the Hilbert space

H:{UEHI(Q):/Qudx:O}

with norm ||ul|3; = [, |Vu[*dz. You may use the following Poincaré inequality:

1
u— — [ udx

< C|Vulla  (ue HY(Q)).
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31) Let (H,(-,-)) be a separable inner product space and let (¢, )neny be an orthonormal
system in H. Show that the following statements are equivalent:

(a) (¢n)nen is a complete orthonormal system.
(b) For all ue H: [l = X2, [{u, 6,

)
(c) For all u,v € H: (u,v) = > (u, $p) (v, Pp).
(d) For all w € H: If (u,¢,) =0 for all n € N then u = 0.



