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· sequences of partitions [Kakutani 76 , S201

longest
T
,

Tz
longest

always split
T3 longest

Longest interval
Ty longest

T5 longest longest

:

=> uniform distribution , discrepancy , frequencies
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Let ox<+ 1 and consider the substitution rule 0:
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· multiscale substitution tilings ISS 21 , SS 22
,
522]

a time + dependent substitution semi-flow Ff : inflate

by et and subsitute tiles of volume = 1

- - - - -

inflate with time , substitute largest tiles only
limit
-> EX

&

IR-translations

=> aperiodicity , repetitivity , unique ergodicity , gap distributions , non-BD
non-linear
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Let ox<+ 1 and consider the substitution rule 0:
2 1 - x

- >-
log k D

I

unit interval in IR log ,-a
incommensurability

· c-words (temporary namee...)

EX
Y

projection↓

... R BRRRBRRRBRRBRBRRB ... &
E shift

symbolic dynamics in ER
,
B3

=> aperiodicity , repetitivity , unique ergodicity , spectral properties ?



Multiscale Substitutions

Let ox<+ 1 and consider the substitution rule 0:
2 1 - x log !
- >-

I
ER

unit interval in IR log ,-a
incommensurability

· associated graph Go TKSS 20] log k logita

wis incommensurable if Gr contains two closed paths of lengths ER

· higher dimensions and additional prototiles

T ↑
2 Ranzy's fractal (commensurable). Does

-3 incommensurability rule out fractal boundaries ?





Multiscale Substitutions

* most of these have since smashed
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Hyperbolic Geometry
· upper half-space1*** G(x,5) : x= (x), , . . ., )ERd, sol

d+1

Sn It
geodesic
image

97
S horospheric image

hy
< xeIrd

nuulbakallkinladans

· two continuous actions by hyperbolic isometries :
· horospheric R&action hy(x ,s) = (y+x ,5) for yeara
· geodesic IR-action 9) (x ,s) = (et , ets) for teR

satisfying 90 hy = hetyogt



From Substitutions to HyperbolicTilings
· give every tile a height corresponding to its scale , and

position the patch inHat aligned to the horosphere as= is
-1- x -1- x ES= 13

- hyperbolic hyperbolic
height log ! height log , <



From Substitutions to HyperbolicTilings
· give every tile a height corresponding to its scale , and

position the patch inHat aligned to the horosphere as= is
-1- x -1- x ES= 13

- hyperbolic hyperbolic
height log ! height log , <

· glue an isometric copy of the patch
to the bottom of a tile , repeat

· the limit object is called a tower



From Substitutions to HyperbolicTilings
· partial limits of towers undergf as too define tilings of Id+!

· the tiling space XhYP is the collection of all such limits.



Related Hyperbolic Constructions

Poincare
disk model

2=
1

c= 1 - t
2

L=t
[Borczky4] [Penrose 79]

see also Escher's

Upper half- Regular Division of
plane model

The Plane VI 57

Binary tiling Numeration systems L=t
3

Kamaej]
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Liftings of Multiscale Substitution Tilings

Theorem Let TeXhyp be a d+-dimensional hyperbolic
tiling , then the map TheTnEs= is defines a d-dimensional
multiscale substitution tiling generated by 5.

H2 IR

..........

(+ ...BRRRBRRRBRRBRBRR ... ) 2B

Finitely many tiles up to Infinitely many tiles up to
E

hyperbolic isometries Euclidean isometries

lassuming incommensurability
i -

· horospheric Reaction by - translation action in IRA space

· geodesic IR-action It -> substitution semiflow #t "time"



[S= 13

Counting in Towers I /logit

I height tTheorem Let o be an
log ! hyperbolic

incommensurable
[S= e

+y

substitution in IR& Then :

log ! logita

tiles of type ; above [v+1); dt) = #Pathsin ) uTHol
# [Es-etz inside a tower ~ · e

B

#Stilesoftype intersecting)= WasG
[vT(So-Vo) 1)j edt 2

uTHol

combinatories
(Sr)ij_ yet entropy (Hij = [-volT)lgvmatrix

Toftypej
in Ti in Ti

volume No)ij = [VoLIT) uT = left Person- Frobenius eigenvector of Vo
Toftypej
in Ti



Counting in Towers
Towers as suspended normalised Kakutani partitions

T
,

T3i
: : B

2

If dada
Lim # red intervals in m

-

2

m--
# intervals in m

3
=

I) dads

- logt If dads
Lim length (union of red intervals in itm) =

- log-log*() Handsm+x



The Horospheric Flow

horospheric Reaction : hy(x ,s) = (y+x ,5) for yeara
d

Let o be an incommensurable substitution in 1.
.
Then

Theorem The dynamical system (XP , hy) is minimal,
that is

, every or bit is dense.

Theorem Tilings in XhYP have no horospheric periods , that is,
if TEXLYP and yeR" satisfy hy(T) = T then y= 0.

Proof Otherwise, 9+(t) = 9+(hy(T)) = hety(gf(T) = xbyP has

period ety but is also arbitrarily close to a
translation of Twith period yfety , which is impossible.



The Geodesic Flow

geodesic R-action : gt(x ,s) = let , ets) for telR

Let o be an incommensurable substitution in IRd
.
Then

Theorem The dynamical system (XYP , gt) has dense orbits,
periodic orbits (and orbits that are neither).

tiles intersecting periodic words
the S-axis ! => periodic gf orbits
define words in words containing everythe tile alphabet finite Legal word

=> dense gt orbits



The Geodesic Flow

Theorem (Prime orbit theorem following [Parry , PollicotS3))
dt

Mo(t) = #Speriodic orbits = with minimal period x() = + 3 ~
e t= x
dt &

I I
=· Tiling zeta function 3.(s) := #(1- exes)+ det (I -Mr(s)) 1 - c- ( -x)S

log ! log !
= T = 9

logit logit



The Geodesic Flow
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dt
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dt &

I I
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I T c =1 I Y

logit logit



Feroes of 1-c-(1-2) (w) Alon Nishry , in progress)
A change of variables : I et_et

, bed , op

· Formula for the kith

zerozu in terms of

Fox-Wright functions.

· A "toy model for the zis : Eil+i : ke*
irrational rotation

· zik+etik

zitik =
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A change of variables : I et_et

, bed , op

· The distribution G(r) of real parts :
a a

a
? I a

G(G)n where oh oh
Area) I ,e eBo eB Base

G(d) B= Vy Numerics B= /Y
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Feroes of 1-c-(1-2) (w) Alon Nishry , in progress)
The case 1-eBzevzet

,
a "phase transition ?

"two generators" it and e "two generators" 12 and 3



Thank You !


